非可換 $L_p$-空間(作用素空間論とその応用について) by 太田, 崇啓
Title非可換 $L_p$-空間(作用素空間論とその応用について)
Author(s)太田, 崇啓









Graduate School of Science,
Kyoto University
1 Haagerup $L_{p}$-
Q. Xu [6] . von Neumann
$M$ $L_{p}$- Grothendieck
Lust-Piquard Kwapien . Lust-Piqua,$\mathrm{r}\mathrm{d}$ ,
$2<p\leq\infty,$ $H$ Hilbert $u:L_{p}(M)arrow H$
$f1,$ $f_{2}\in(L_{\mathrm{p}/\mathit{1}}’(M))^{*}$ $a\in L_{p}(M)$
$||u(a)||\leq K_{0}||u||[f1(aa^{*})+f_{2}(a^{*}a)]^{1/2}$
[2]. $K0$ $p,$ $M,$ $H,$ $u$
. , Kwapien $L_{p}(M)$
, $1\leq P\leq 2\leq q\leq\infty$ $v:L_{q}(M)arrow L_{p}(M)$
Hilbert $H$
[4, Corollary 3.6]. 2
; $u:L_{\mathrm{p}}(M)\cross L_{q}(M)arrow \mathbb{C}(2<p, q\leq\infty)$
$\in(L_{p/2}(M))^{*}$ $g_{i}\in(L_{q/2}(M))^{*}(\iota’=1,2)$ $a\in L_{p}(M)$ ,
$b\in L_{q}(M)$
$|u(a, b)|\leq K||u||[f_{1}(aa^{*})+f_{2}(a^{*}a)]^{1/2}[g_{1}(b^{*}b)+g_{2}(bb^{*})]^{1/2}$
. $K$ $P,$ $q,$ $M,$ $u$ .
– $M$
.
– von Neumann Haagerup
$L_{p}$ - . [5] . $M$ Hilbert
$H$ von Neumann , $\phi$ $M$ .
, $M$ $=\mathrm{L}\text{ }-$ $(\sigma_{t}^{\phi})_{t\in \mathrm{R}}$ . $N=Mx_{\sigma_{\mathrm{t}}^{\phi}}\mathbb{R}$
$L_{2}(\mathbb{R};H)$
$\pi(x)\xi(t)=\sigma_{-t}^{\phi}(x)\xi(t)$ , $x\in M,$ $\xi\in L_{2}(\mathbb{R}_{j}H)$
$\lambda(s)\xi(t)=\xi(t-s)$ , $s\in \mathbb{R},$ $\xi\in L_{2}(\mathbb{R};H)$
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von Neumann . $M$ $x$ $\pi(x)$ –
$M$ $N$ von Neumann , $N$
$(\theta_{s})_{s\in \mathbb{R}}$
$\theta_{s}(x)=x$ , $x\in M$
$\theta_{s}\lambda(t)=e^{-ist}\lambda(t)$ , $s,$ $t\in \mathbb{R}$
. , $M$ ,
$M=\{x\in N:\forall s\in \mathbb{R}, \theta_{s}(x)=x\}$ .
$N$ von Neumann $\tau$
$\theta_{s}0\tau=e^{-s_{\mathcal{T}}}$
.
1.1. $M$ Hilbert $H$ von Neumann . $H$
$a$ , $y\in M’$ $ya\subseteq ay$
.
1.2. $M$ Hilbert $H$ von Neumann , $\tau$ $M$
. $H$ $M$
$h$ $\tau$- , $\delta>0$ $M$
$P$
$pH\subseteq D(a),$ $\tau(1-p)\leq\delta$
. $L_{0}(M, \tau)$ $\tau$- .
$N(\epsilon, \delta)=\{a\in L_{0}(M, \tau):\exists p\in \mathrm{p}\mathrm{r}\mathrm{o}\mathrm{j}(M)\mathrm{s}.\mathrm{t}$ .
$pH\subseteq D(a),$ $||ap||\leq\epsilon,$ $\tau(1-p)\leq\delta\}$
, $L_{0}(M, \tau\cdot)$ * .
, $0<p\leq\infty$
$L_{p}(M, \phi)=\{h\in L_{0}(N, \tau):\theta_{s}h=e^{-s/\mathrm{p}}h\}$
. $L_{\infty}(M, \phi)=M$ , $L_{p}(M, \phi)$ $L_{\cup}(N, \tau)$
, $\phi$ .
$L_{p}(M, \phi)$ $L_{p}(M)$ .
11. $h\in L\mathrm{o}(N, \tau)$ , $h=u|h|$ ,
$h\in L_{p}(M)\Leftrightarrow u\in M$ $|h|\in L_{\mathrm{p}}(M)$
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L2. $M_{*}$ $L_{1}(M)$ $\varphirightarrow h_{\varphi}$







13. $0<p<\infty$ , $N_{+}$ $x\mapsto x^{p}$ $L_{0}(N, \tau)_{+}$
,
$h\in L_{p}(M)\Leftrightarrow h^{p}\in L_{1}(M))\forall h\in L_{0}(N, \tau)_{+}$
. , $1\leq p<\infty$ $h\in L_{p}(M)$ $||h||_{\mathrm{p}}=|[|h|^{p}||_{1}^{1/p}$
, $L_{p}(M)$ Banach .
14. $1\leq p,$ $q\leq\infty$ . $h\in L_{p}(M),$ $k\in L_{q}(M)$ , $hk\in$
$L_{f}(M)(1/r=1/p+1/q)$ , $||hk||_{r}\leq||h||_{p}||k||_{q}$ .









. $L_{\infty}(M)=M$ von Neumann
. $L_{1}(M)=M_{*}$ $(M^{op})^{*}$






1.6. von Neumann $M$ $S_{1}^{n}\otimes_{\wedge}L_{1}(M)=L_{1}(M_{n}\otimes$
$M)$ .
. [1] $x_{ij}\in L_{1}(M)(1\leq i, j\leq n)$ . $(S^{n}\otimes 1\wedge M_{*}^{op})^{*}=CB(M_{*}^{op}, M_{n})=$
$M_{n}(M^{op})$ ,






, $1\leq P\leq\infty$ $p’$ $1/p+1/p’=1$ .
$\mathrm{A}$’ , $S_{1}[\mathrm{A}]=S_{1}\otimes_{\mathrm{A}}\mathrm{A}’,$ $S_{\infty}[B’]=S_{\infty}\otimes_{\min}\mathrm{A}$; . $1<p<\infty$
$S_{P}[E]$
$(S_{\infty}[E], S_{1}[E])_{1/p}$
. $S_{\mathrm{p}}^{n}(n\in \mathrm{N})$ $S_{p}^{n}[B^{1}]$ .
, $E_{0},$ $E_{1}$ Banach
$1\leq P\mathrm{o},P1\leq\infty$ $0<\theta<1$
$(S_{p0}[E_{0}], S_{p1}[E_{1}])_{\theta}=S_{p}[(E_{0}, E_{1})_{\theta}],$ $1/p=1/p0+p_{1}$
. , $1\leq P<\infty$
$(S_{p}[\mathrm{A}’])^{*}=S_{p’}[B^{\prime*}]$
. $x=(x_{ij})\in S_{p}[\mathrm{A}’],$ $\xi=(\xi_{ij})\in S_{p’}[B^{*}’]$
$\langle\xi,x\rangle=\mathrm{t}\mathrm{r}(\xi x)=\sum_{ij}\xi_{ij}(x_{ij})$
.




, $E$ $L_{p}(M)$ $S_{p}[E|$ $S_{p}\otimes E$ $S_{p}[L_{p}(M)]$
.
Schatten .






21. $B$’ . $B’$ , $B$’
$u$ $||u||_{\mathrm{c}b}=||u||$ .
22. $1\leq p\leq\infty$ . $C_{p}$ $S_{p}$ $(e_{i1})_{i\geq 1}$
. , $R_{p}$ $(e_{1i})_{i\geq 1}$
. Hilbert $H$
$H_{p}^{\mathrm{c}}=S_{p}(\mathbb{C}, H),$ $H_{p}^{r}=S_{p}(\overline{H}, \mathbb{C})$
.
, $C_{P}$ $S_{P}$ ,
$(C_{p})^{*}=C_{p’}=R_{p}$
$(R_{p})^{*}=R_{\mathrm{p}}’=C_{p}$
, $1\leq p0,p_{1}\leq\infty,$ $0<\theta<1,1/p=(1-\theta)/p0+\theta/P1$
$C_{p}=(C_{p\text{ }}, C_{p1})_{\theta},$ $R_{\mathrm{p}}=(R_{p0}, R_{p_{1}})_{\theta}$
. $C_{P}$ Banach Hilbert
.
$\mathrm{A}^{1}$ Cp[ $C_{p}\otimes \mathrm{A}$’ Sp . $R_{\mathrm{p}}[\mathrm{A}]$







$|| \sum_{k}x_{k}\otimes a_{k}||_{C_{p}[E]}=$ $( \sum_{j,k}\langle a_{k}, a_{g’}\rangle x_{k}^{*}x_{j})^{1/2}||_{L_{\mathrm{p}}(M)}$
.
23. $X,$ $B^{1},$ $F^{\tau}$ , $\Gamma_{X}(E, F^{1})$
$\alpha:l_{\mathrm{i}}iarrow X$ $\beta:Xarrow F$’ $u=\beta\alpha$ $u:B’arrow F^{1}$
.
$\gamma x(u)=\inf\{||\alpha||_{cb}||\beta||_{\mathrm{c}b} : u=\beta\alpha, \alpha\in CB(\mathrm{A}’, X), \beta\in CB(X, F^{1})\}$
Banach $\text{ },\Gamma_{C_{p}}(\mathrm{A}’, \mathit{1}\prime^{1})$ Hilbert $H$
,
$\gamma c_{\mathrm{p}}(u)=\inf\{||\alpha||_{\mathrm{c}b}||\beta||_{cb}$:
Hilbert $H,$ $u=\beta\alpha,$ $\alpha\in CB(\mathrm{A}’, H_{\mathrm{p}}^{c}))\beta\in CB(H_{p}^{\mathrm{c}}, F^{1})\}$
. $\Gamma_{R_{p}}$ .
3 Haagerup
31. $B’,$ $F^{1}$ , $1\leq p_{\}}q\leq\infty$ . $x\in B’\otimes F^{1}$ ,
$||x||_{h_{p,q}}= \inf\{||a||_{R_{p}[E]}||b||_{C_{q}[F]} : x=ab, a\in R_{p}[E], b\in C_{q}[\eta\}$
. – .
3.2. $B^{1}$ , $1\leq P\leq\infty$ . $\mathrm{A}’$ -2- ,
$a,$ $b\in$ $[E]$
$||(a, b)||_{R_{\mathrm{p}}[E]}\leq(||a||_{R_{\mathrm{p}}[E]}^{2}+||b||_{R_{p}[E]}^{2})^{1/2}$




$\mathrm{A}_{\ovalbox{\tt\small REJECT}}’\subseteq L_{p}(M)$ $p\geq \mathit{2}$ ,
$||(a, b)||_{R_{p}[E]}$ $=$ $||aa^{*}+bb^{*}||_{L_{p/2}(M)}^{1/2}$
$\leq$ $(||a||_{p}^{2}+||b||_{\mathrm{p}}^{2})^{1/2}$
$\mathrm{A}’$
$R_{p^{-}}2$- , Cp-2- .
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3.1. $E,$ $F$ , $1\leq p,$ $q\leq\infty$ .
(i) $||\cdot||_{h_{p,q}}$ $\mathrm{A}’\otimes F^{1}$ , $B^{1}$ $R_{p^{-}}2$- $F$ ’ $C_{P^{-}}2-$
$||\cdot||_{h_{p,q}}$ $E\otimes F$ .
(ii) $x\in \mathrm{A}’\otimes F^{\tau}$ , $a=(a_{1}, \ldots, a_{n})\in R_{p}[B^{1}])b=(b_{1}, \ldots, b_{n})\in$




. (i) , $x,$ $y\in E\otimes F$ , $x=ab,$ $y=cd$ $||a||_{R_{p}[E]}=$
$||b||c_{q}[F],$ $||c||_{R_{\mathrm{p}}[E]}=||d||_{C_{q}[F]}$
$||x+y||_{h_{p,q}}$ $\leq$ $||(a, c)||$ $[E]||^{t}(b,d)||_{C_{q}[F]}$
$\leq$ $(||a||_{R_{p}[E]}+||\mathrm{c}||_{R_{p}[E]})^{2}$
$\leq$ $2(||a||_{R_{\mathrm{p}}[E]}^{2}+||c||_{R_{p}[E]}^{2})$







$||\cdot||_{\epsilon}$ . $\xi\in$ , $\eta\in F^{1*}$ ,
$x\in E\otimes F$ ,
$|\langle\xi\otimes\eta, x\rangle|$ $=$ $| \sum_{k}\xi(a_{k})\eta(b_{k})|$
$\leq$
$( \sum_{k}|\xi(a_{k})|^{2})^{1/2}(\sum_{k}|\eta(b_{k})|^{2})^{1/2}$
. $(\alpha_{1}, \alpha_{2}, \ldots)\in l_{2}$
$( \sum_{k}|\xi(a_{k})|^{2})^{1/2}=\sum_{k}\alpha_{k}\xi(a_{k})\leq||\sum_{k}\alpha_{k}a_{k}||$
,
$|| \sum_{k}\alpha_{k}a_{k}||\leq||a||_{R_{\mathrm{p}}[E]}||^{t}(\alpha_{1}, \alpha_{2}, \ldots)||_{B(\ell_{2})}\leq||a||_{R_{\mathrm{P}}[E]}$
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. , $( \sum_{k}|\eta(b_{k})|^{2})^{1/2}\leq||b||_{C_{q}[F]}$
$||x||_{\epsilon}\leq||x||_{h_{p,q}}$ .
(ii) – Haagerup .
$E\otimes_{h_{\mathrm{p},q}}F$ $(E\otimes F, ||\cdot||_{h_{\mathrm{p},q}})$ . $p=q$
$h_{p}$ . $\otimes_{h_{\mathrm{p}.q}}$ .
3.2. $E\subseteq L_{p}(M)(2<p<\infty)$ , $H$ Hilbert
. $u:B^{1}arrow H_{p}^{r}$ , .
(i) $u$ ;
(ii) $\mathit{1}_{R_{p}}\otimes u$ Rp[B’]- [$H_{p}^{r}|$ ;
(iii) $c$ $(a_{i})\subseteq E$ ,
$( \sum_{k}||u(a_{k})||^{2})$ $\leq c||(\sum_{k}a_{k}a_{k}^{*})^{1/2}||_{p}$
;
(iv) $(L_{\mathrm{p}/2}(M))^{*}=L_{(p/2)’}(M)$ $f$ $a\in E$
$||u(a)||\leq cf(aa^{*})^{1/2}$
.
, $||u||_{cb},$ $||\mathit{1}_{R_{p}}\otimes u||$ (iii) $c$
, $u$ $L_{p}(M)$ .
. $(\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i})$ 2.1 .
$(\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i}\mathrm{i})\mathit{1}_{R_{\mathrm{p}}}\otimes u$ $a=(a_{1}, a_{2}, \ldots)\in R_{p}[\mathrm{A}^{\mathrm{t}}]$






ilbert $K$ $i_{E}$ : $Earrow K$ .
(iv) \^u: $Karrow H$ $||\hat{u}||\leq c$ $u=\hat{u}\circ i_{E}$ .
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$||\hat{u}:K_{p}^{r}arrow H_{p}^{r}||_{cb}=$ ||u||. 2.1 $n\in \mathbb{N}$
$||Is_{\mathrm{p}}\otimes i_{E}$ : $S_{p}^{n}[E]arrow S_{p}^{n}[K_{p}^{r}]||\leq 1$ . $x=(x_{ij})\in S_{p}^{n}[E|$ ,
$y=l_{S_{p}}\otimes i_{E}(x)$ . $K_{p}^{r}=S_{p}(\overline{K}, \mathbb{C})$ $S_{p}^{n}[K_{p}^{r}]=S_{p}(\ell_{2}^{n}(\overline{K}),P_{2}^{n})$
, $y=(yij)\in S_{p}^{n}[K_{p}^{r}|$ $\beta=(\beta_{k})\in P_{2}^{n}(\overline{K})$ $\alpha=(\alpha_{k})\in\ell_{2}^{n}$
$y( \beta)=(\sum_{j}\langle\beta_{j,yij}\rangle)_{1\leq i\leq n}$
$y^{*}( \alpha)=(\sum_{i}\alpha:\overline{yij})_{1\leq i\leq n}$
.
$yy^{*}=( \sum_{k}\langle y_{jk},y_{ik}\rangle)_{1\leq i,j\leq n}=(\sum_{k}f(x_{ik}x_{jk}^{*}))_{1\leq i,j\leq n}$
} $z\in S_{(p/2)}^{n}$ ,
$\mathrm{t}\mathrm{r}_{n}(zyy^{*})$ $=$ $\mathrm{t}\mathrm{r}_{n}\otimes \mathrm{t}\mathrm{r}((z\otimes f)(xx^{*}))$
$\leq$ $||z\otimes f||_{(p/2)^{J}}||xx^{*}||_{p/2}$
$\leq$ $||xx^{*}||_{p/2}$
, $||yy^{*}||_{p/2}\leq||xx^{*}||_{p/2}$ $||i_{E}||_{cb}\leq 1$ .
, . ,
Hilbert $\tilde{K}$ $L_{p}(M)$ $\langle b, a\rangle=f(ab^{*})$










, $U=\hat{u}P_{K}i_{L_{p}(M)}$ $u$ . $\square$
33. $E,$ $F\subseteq L_{p}(M)(\mathit{2}<P<\infty)$ .
$u:\mathrm{A}’\cross F^{1}arrow \mathbb{C}$ $c>0$ , .
(i) $u$ $E\otimes_{h_{p}}F$ $\mathbb{C}$ $c$ ;
(ii) $(a_{k})\subseteq B$’ $(b_{k})\subseteq F^{1}$
$| \sum_{k}u(a_{k}\otimes b_{k})|\leq c||(\sum_{k}a_{k}a_{k}^{*})^{1/2}||_{p}||(\sum_{k}b_{k}^{*}b_{k})$ $||_{p}$
;
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(iii) $(L_{p/2}(M))^{*}$ $f,g$ $a\in E,$ $b\in F$
$||u(a\otimes b)||\leq c(f(aa^{*})g(b^{*}b))^{1/2}$
(iv) $u$ $\tilde{u}:\mathrm{A}^{7}arrow F^{1*}$ $\Gamma$ $(\mathrm{A}^{\tau}, F^{1*})$ $\gamma_{R_{\mathrm{P}}}(\tilde{u})\leq c$
.
, $u$ $L_{p}(M)\otimes_{h_{\mathrm{p}}}L_{p}(M)$ .
. $\otimes_{h_{\mathrm{p}}}$ (i) (ii) $(\ddot{\mathrm{u}})\Rightarrow(\mathrm{i}\mathrm{i}\mathrm{i})$
, $(\ddot{\mathrm{u}}\mathrm{i})\Rightarrow(\mathrm{i}\mathrm{i})$ H\"older .
$(\mathrm{i}\mathrm{i}\mathrm{i})\Rightarrow(\mathrm{i}\dot{\mathrm{v}})B^{1}$ $\langle a, a’\rangle=f(a’a^{*})$ Hilbert $H$
, $F^{\tau}$ $\langle b, b’\rangle=g(b^{*}b’)$ Hilbert $K$
. $i_{E}$ : $B^{1}arrow H_{p}^{r}$ $i_{F}$ : $F^{\tau}arrow K_{p}^{f}$ (iii)
\^u: $Harrow\overline{K}$ $||\hat{u}||\leq c$ $a\in E,$ $b\in F$
$u(a, b)=\langle\overline{\hat{u}i_{E}(a)}, i_{F}(b)\rangle$
. $\overline{u}=i_{F}^{*}\hat{u}i_{E}$ $i_{F}^{*}$ : $\overline{K}_{p}^{r}arrow F^{1*}$
$||\hat{u}:H_{p}^{r}arrow\overline{K}_{p}^{r}||_{\mathrm{c}b}=||u||$ . $\tilde{u}\in\Gamma$ $(B’, F^{1*})$
$\gamma_{R_{p}}(\tilde{u})\leq c$ .
$(\mathrm{i}\mathrm{v})\Rightarrow(\mathrm{i}\mathrm{i})\tilde{u}=\beta\alpha,$ $\alpha\in CB(E, H_{r}),$ $\beta\in CB(H_{r}, F^{1})- \mathrm{c}*||\alpha||_{cb}||\beta||_{cb}\leq ck$
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